Abstract In this paper we study a generalization of the notion of categorical semidirect product, as defined in [6], to a non-protomodular context of categories where internal actions are induced by points, like in any pointed variety. There we define semidirect products only for regular points, in the sense we explain below, provided the Split Short Five Lemma between such points holds, and we show that this is the case if the category is normal, as defined in [12]. Finally, we give an example of a category that is neither protomodular nor Mal'tsev where such generalized semidirect products exist.
Introduction
The categorical definition of semidirect products was introduced by Bourn and Janelidze in [6] , where they proved that, in the category of groups, this notion coincides with the classical one.
A characterization of pointed categories with categorical semidirect products was given in [14] . The existence of such products implies, in particular, that the category is protomodular. However there are many non-protomodular varieties where classical semidirect products exist and play an important role, like the category of monoids (and the same for the category of monoids with operations introduced in [15] ).
The present paper gives a generalization of the concept of categorical semidirect products to the context of non-protomodular categories, by restricting attention to an equivalence between the category of regular points (i.e. points such that the kernel and the section are jointly strongly epimorphic) and the category of internal actions, rather than demanding an equivalence involving the category of all points as in the original definition of semidirect products by Bourn and Janelidze [6] . We show that, in a normal variety and also in a Barr-exact Mal'tsev normal category, the category of regular points is equivalent to that of internal actions. This is then used to obtain the generalized semidirect product, which can only involve regular points rather than arbitrary points.
We recall that a category is Barr-exact [1] if it has pullback stable coequalizers of equivalence relations and every equivalence relation is the kernel pair of some morphism. A finitely complete category is Mal'tsev [7] if every internal reflexive relation is an equivalence relation. A pointed, finitely complete category is protomodular [5] if the Split Short Five Lemma holds in it. A pointed regular category is normal [12] if every regular epimorphism is a cokernel.
The present paper complements the article [15] , in the sense that [15] studies actions and semidirect products defined "externally" in the context of monoids with operations, analogously to the well-known construction for groups. It then relates the crossed modules defined using these semidirect products to particular internal categories called Schreier internal categories. The article then shows that certain conditions imply that these external actions are equivalent to the internal ones.
In contrast, the present article does not restrict itself to the context of monoids with operations, and focuses on internal actions and categorical semidirect products, rather than external ones, in the context of pointed non-protomodular categories where every internal action is strict in the sense of [14] . In this case, if the category satisfies the Split Short Five Lemma for regular points, then these points correspond to the internal actions via the generalized semidirect products.
The example of implication algebras shows that there are categories that are neither protomodular nor Mal'tsev where such generalized semidirect products exist.
Internal Actions and Categorical Semidirect Products
We start recalling the categorical definition of semidirect product introduced in [6] . For an object B of a category C, we will denote by P t(B) the category of points (i.e. split epimorphisms) in C with codomain B.
Definition 21 ([6] , Definition 3.2) A category C with split pullbacks is said to be a category with semidirect products if, for any arrow p : E → B in C, the pullback functor p * : P t(B) → P t(E) (has a left adjoint and) is monadic.
In this case, denoting by T p the monad defined by this adjunction, given a T p -algebra (D, ξ ) the semidirect product (D, ξ ) (B, p) is the domain of the object in P t (B) 
